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Abstract
Smooth surfaces S ⊂ P4 containing a 1-dimensional family of plane curves not forming a fibration are studied. We obtain some
results confirming the conjecture that the Veronese surface and the quintic elliptic scrolls are the only ones that do not lie on a
quadric cone.
c© 2006 Elsevier B.V. All rights reserved.
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0. Introduction
Let S ⊂ PN be an integral projective surface. It is easy to prove that S ⊂ PN contains a 2-dimensional family of
lines if and only if S = P2.
A classical result of C. Segre [21] states that the only surfaces S ⊂ PN , N > 3, containing a 2-dimensional family
of plane curves are either the Veronese surface in P5 or its (maybe singular) projection to P4, the rational normal scroll
in P4 and the cones.
C. Segre [21] and [22] also gave a classification of surfaces S ⊂ PN , N > 4, containing a 2-dimensional family of
space curves.
If the dimension of the family is one, it is necessary to restrict to smooth surfaces S ⊂ P4. Lanteri [12] and Aure
[2] classified scrolls in P4, that is, smooth surfaces containing a family of lines. There are two kinds of scrolls in P4,
namely the rational normal scroll and the quintic elliptic scrolls.
Afterwards, Ellia and Sacchiero [6] showed that if S ⊂ P4 is a smooth surface ruled in conics, then S ⊂ P4 is
either a Del Pezzo surface of degree 4, a Castelnuovo surface of degree 5 or an elliptic conic bundle of degree 8,
discovered by Abo et al. [1]. The same result was also obtained by Braun and Ranestad [4]. Moreover Ranestad [17]
proved that if S ⊂ P4 is a fibration by plane curves of degree greater than 2, then S ⊂ P4 is a bielliptic or abelian
surface of degree 10 or S ⊂ P4 is contained in a quadric cone of rank 4. In the same paper it is suggested to study
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smooth surfaces S ⊂ P4 containing a family of plane curves not forming a fibration, that is, such that any two curves
of the family intersect. This is the aim of this note.
In the following lines we outline what is known about related problems in higher dimensions.
Let X ⊂ PN be an integral variety of dimension n. Then X ⊂ PN contains a (2n − 2)-dimensional family of lines
if and only if X = Pn . Segre [20] proved that if X ⊂ PN contains just a (2n − 3)-dimensional family of lines, then
either X ⊂ Pn+1 is a quadric or X ⊂ PN contains a 1-dimensional family of (n−1)-planes. The (2n−4)-dimensional
case was studied by Rogora [18].
Lanteri and Turrini [13] characterized the Segre embedding P1 × Pn−1 ⊂ P2n−1 as the only n-fold X ⊂ P2n−1
which is a scroll over a curve, that is, a smooth variety of dimension n containing a 1-dimensional family of (n − 1)-
planes. Generalizing the result of Lanteri and Aure, Toma [24] classified 3-dimensional scrolls X ⊂ P6 by proving
that the base curve of the scroll is either rational or elliptic. Furthermore, Ionescu and Toma [10] conjectured that the
base curve of an n-dimensional scroll X ⊂ P2n is either rational or elliptic, and they proved it for n = 4.
Ottaviani [16] classified 3-folds X ⊂ P5 which are scrolls over a surface. They are the Segre embedding
P1 × P2 ⊂ P5, the Bordiga scroll, the Palatini scroll and the K3-scroll corresponding to a linear section of the
Grassmannian of lines in P5. On the other hand, Mezzetti and Portelli [15] gave a classification theorem of 3-folds
X ⊂ P5 with a 3-dimensional family of plane curves. If X ⊂ P5 is not contained in a quadric, then X ⊂ P5 is either
the Bordiga or the Palatini scroll.
To end this summary, the general problem of classifying projective varieties with many degenerate subvarieties
was considered by Mezzetti [14].
As we quoted before, we focus on the case of smooth surfaces S ⊂ P4 containing a 1-dimensional family of plane
curves not forming a fibration. Our point of view is to study the geometry of the curve Σ ⊂ G(2, 4), corresponding
to the planes of the family, and the hypersurface VΣ ⊂ P4 covered by its planes. We consider two cases separately.
If VΣ ⊂ P4 is a cone we prove that, except for the projected Veronese surface, VΣ ⊂ P4 is a quadric cone of rank
3 or 4 and S ⊂ P4 is linked to a plane by a complete intersection (see Theorem 3.2).
If VΣ ⊂ P4 is not a cone, we prove under two extra assumptions that S ⊂ P4 is either a rational normal scroll or a
quintic elliptic scroll (see Theorem 4.10).
As a consequence of Theorem 3.2, it follows that the intersection number of two elements of the family of plane
curves is equal to one (see Theorem 4.3). We remark that this fact is independent of the two extra hypothesis we use
to get Theorem 4.10.
Both results 3.2 and 4.10 confirm the conjecture that the Veronese surface and the quintic elliptic scrolls are the
only smooth surfaces in P4 containing a 1-dimensional family of plane curves not forming a fibration that do not lie
on a quadric cone, as stated by Ranestad in [17].
The paper is organized as follows. In Section 1 we fix the notations and recall some theorems we use in this note.
Section 2 is devoted to presenting some examples of smooth surfaces in P4 containing a family of plane curves not
forming a fibration. In Section 3 we obtain a complete classification theorem when VΣ ⊂ P4 is a cone. In Section 4 a
partial result is given if VΣ ⊂ P4 is not a cone, as well as the statement of the above conjecture.
1. Preliminaries and notations
We work over an algebraically closed field K of characteristic 0.
Let S ⊂ P4 be a non-degenerate irreducible smooth projective surface over K. Let {Cb}b∈B be an algebraic family
of plane curves parametrized by an integral curve B, and assume Cb ⊂ S for every b ∈ B. Consider the total space
B = {(P, b) | P ∈ Cb} ⊂ S × B and the projection morphism
q : B→ S
onto the first factor. Since dimB = 2, then q : B→ S is a generically finite morphism. Let d denote its degree. Thus
through the general point P ∈ S there pass d elements of the family {Cb}b∈B . We frequently use the subscript Bd to
summarize this situation.
We say that {Cb}b∈B forms a fibration on S if Cb∩Cb′ = ∅ for every b, b′ ∈ B, b 6= b′. This is equivalent to having
an isomorphism q : B→ S, and the fibration structure is given by the projection morphism onto the second factor
S ∼= B→ B.
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By G(k, N ) we mean the Grassmann variety of k-planes in PN . Denote by P2b := 〈Cb〉 ⊂ P4 the linear span of Cb
in P4 and denote by Σ := φ(B) ⊂ G(2, 4) the image of the map
φ : B → G(2, 4)
b 7→ P2b
which associates to b ∈ B the linear span P2b of Cb in P4. Since φ cannot be constant (otherwise S = P2), then
Σ ⊂ G(2, 4) is an irreducible curve. We also consider Σ ⊂ Pσ ⊂ P9 as a projective curve, where Pσ := 〈Σ 〉 ⊂ P9
stands for the linear span of Σ in P9 by the Plu¨cker embedding G(2, 4) ↪→ P9 of Grassmannians.
We denote by
VΣ :=
⋃
b∈B
P2b ⊂ P4
the hypersurface covered by the planes of Σ ⊂ G(2, 4). The degree of VΣ ⊂ P4 is denoted by δ. We will use the fact
that
δ = deg VΣ = degΣ .
For any b, b′ ∈ B, the plane curves Cb,Cb′ are algebraically equivalent. Therefore they are numerically equivalent
(see [8] V, Ex. 1.7). So we can define C2 to express the intersection number of two elements of the family. The
fibration case, corresponding to C2 = 0, was completely studied in [6], [4] and [17]. Hence we assume C2 ≥ 1. In
particular Cb ∩ Cb′ 6= ∅ for any b, b′ ∈ B.
An element of G(k, N ) is denoted by a small letter. We use the corresponding capital letter for the linear subspace
in PN that it defines.
By vr (Ps) ⊂ P
( r+s
r
)−1 we denote the r -Veronese embedding of Ps given by the complete linear system of
hypersurfaces of degree r in Ps .
For a finite sequence of non-negative integers 0 ≤ a0 ≤ · · · ≤ an , we denote by S(a0, . . . , an) ⊂ Pn+a0+···+an the
rational normal scroll of n-planes, that is, the image of the projective bundle
pi : P(OP1(a0)⊕ · · · ⊕OP1(an)) → P1
corresponding to the complete linear system defined by its tautological line bundle.
We will use the following well known results.
Severi’s Theorem ([23]). The only non-degenerate surface in PN that can be isomorphically projected to P4 is the
Veronese surface v2(P2) ⊂ P5.
Zariski’s Main Theorem ([25]). Let f : X → Y be a birational projective morphism of noetherian integral
schemes, and assume that Y is normal. Then for every y ∈ Y , f −1(y) is connected.
Castelnuovo’s Bound ([5]). For N ≥ 3, if C ⊂ PN is a smooth, non-degenerate, irreducible curve of degree δ and
genus g, then:
g ≤ m(m − 1)(N − 1)/2+ me
where δ − 1 = m(N − 1)+ e and 0 ≤ e ≤ N − 2.
2. Examples
We present all the examples we know of smooth surfaces in P4 containing a 1-dimensional family of plane curves
not forming a fibration.
Example 2.1. Let v2(P2) ⊂ P5 be the Veronese surface and consider an integral curve Bd ⊂ Pˇ2 of degree d in the
dual P2. For lb ∈ Bd , let Cb = v2(Lb) ⊂ v2(P2) be the corresponding conic. Then v2(P2) ⊂ P5 (or its general
projection to P4) contains the 1-dimensional family {Cb}b∈Bd of conics, d of them pass through the general point of
v2(P2) and C2 = 1.
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If d = 1, then B1 ⊂ Pˇ2 is a pencil of lines. We have that φ(B1) = Σ ⊂ G(2, 5) is a twisted cubic in P3 by the
Plu¨cker embedding, so δ = degΣ = 3 and VΣ ⊂ P5 is the rational normal scroll S(0, 1, 2) ⊂ P5 (which is a cone
over the rational normal scroll S(1, 2) ⊂ P4).
Remark 2.2. If d = 2, we point out that through the general point P ∈ P5 there pass a 1-dimensional family of P4’s
spanned by pairs of planes of φ(B2) = Σ ⊂ G(2, 5). If we project v2(P2) ⊂ P5 to P4 from P , then the general plane
of Σ ⊂ G(2, 4) is intersected by two planes of Σ along a line (see Remarks 4.8 and 4.11).
Example 2.3. Fix a point P ∈ P2 and denote by P˜2 the blow up of P2 at P . Let E be the exceptional divisor of P˜2.
Consider the complete linear system |2L− E | on P˜2 and the corresponding embedding ϕ|2L−E | : P˜2 → S(1, 2) ⊂ P4.
Let Bd ⊂ Pˇ2 be an integral curve of degree d . For lb ∈ Bd , then Cb = ϕ(Lb) ⊂ S(1, 2) is a (maybe reducible) conic.
Thus S(1, 2) ⊂ P4 contains the 1-dimensional family of conics {Cb}b∈Bd . Moreover, d of these conics pass through
the general point of S(1, 2) ⊂ P4 and C2 = 1.
If d = 1, then B1 ⊂ Pˇ2 is a pencil of lines. Furthermore φ(B1) = Σ ⊂ G(2, 4) is a conic by the Plu¨cker
embedding, so δ = degΣ = 2 and VΣ ⊂ P4 is a quadric cone.
If d = 2, we have that φ(B2) = Σ ⊂ G(2, 4) is a rational normal quartic in P4 by the Plu¨cker embedding, so
δ = 4.
Example 2.4. We recall the description of quintic elliptic scrolls in P4 from the corresponding linear section of
G(1, 4). Consider the Plu¨cker embedding G(1, 4) ⊂ P9. Let K = P4 be a general linear subspace of P9. Then
Ξ := G(1, 4) ∩ K is an elliptic curve of degree 5 and the surface
SΞ :=
⋃
l∈Ξ
L ⊂ P4
is a quintic elliptic scroll of lines. For l1, l2 ∈ Ξ , the corresponding lines L1, L2 ⊂ P4 span a P3 whose residual
intersection with SΞ ⊂ P4 is an elliptic curve C of degree 3. In this way, SΞ ⊂ P4 contains a 1-dimensional family
{Cb}b∈B of plane cubic curves. One can see that B is isomorphic to Ξ and C2 = 1. Furthermore φ(B) = Σ ⊂ G(2, 4)
is also an elliptic curve, δ = degΣ = 5, σ = dim〈Σ 〉 = 4 and q : B→ SΞ is a morphism of degree d = 2.
Example 2.5. Let VΣ ⊂ P4 be a quadric cone of rank 4 and let B = Σ ⊂ G(2, 4) be the curve parametrizing one
of the families of planes inside VΣ . Let Q ∈ P4 be the vertex of the cone. Consider S ⊂ P4 to be the smooth surface
linked to a plane of VΣ (of the other family) by the complete intersection of VΣ ⊂ P4 and a hypersurface of degree
e ≥ 2 in P4. Then S ⊂ P4 is covered by a rational family B1 of plane curves Cb ⊂ P2b of degree e, the vertex Q ∈ Cb
for every b ∈ B1, and C2 = 1. To illustrate this construction, we analyze the cases e = 2 and e = 3.
If e = 2, we get the rational normal scroll S(1, 2) ⊂ P4 of Example 2.3 with d = 1.
If e = 3, we get a Castelnuovo surface S ⊂ P4, that is, the blow up of P2 in eight points {P0, . . . , P7} embedded
by the complete linear system |4L− 2E0− E1−· · ·− E7|. Then S ⊂ P4 contains a rational family {Cb}b∈B1 of plane
cubic curves parametrized by the pencil of cubic curves in P2 passing through {P0, . . . , P7}.
Example 2.6. Let VΣ ⊂ P4 be a quadric cone of rank 3 and let B = Σ ⊂ G(2, 4) be the curve parametrizing the
family of planes inside VΣ . Let the line L ⊂ P4 be the vertex of the cone. Consider S ⊂ P4 to be the smooth surface
linked to a plane of VΣ by the complete intersection of VΣ ⊂ P4 and a hypersurface of degree e ≥ 2 in P4. Then
S ⊂ P4 is covered by a rational family B1 of plane curves Cb ⊂ P2b of degree e. Let us see that C2 = 1.
We have L ⊂ S (see [11], Cor. 2.7). Then Cb = L + Db, where Db ⊂ P2b is an effective plane curve of degree
e − 1. Let H be a hyperplane section of S ⊂ P4 containing L . Hence H = L + Db1 + Db2 and H2 = 2e − 1. A
straightforward computation gives L2 = 3 − 2e and C2 = 1, having in mind that necessarily D2 = 0. We describe
the cases e = 2 and e = 3.
If e = 2, we obtain the rational normal scroll S(1, 2) ⊂ P4 of Example 2.3 with d = 1. The family B1 ⊂ Pˇ2 is the
pencil of lines through the point P ∈ P2 we are blowing up. The exceptional divisor E of the scroll corresponds to
the vertex L of the cone VΣ ⊂ P4.
If e = 3, we get a Castelnuovo surface of P4 in the particular case when {P1, . . . , P7} lie on a conic of P2. This
conic corresponds to the vertex L of the cone VΣ ⊂ P4.
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Remark 2.7. In Example 2.6 we have two different rational families, say {Cb}b∈B1 and {Db}b∈B1 , of plane curves in
S ⊂ P4. Moreover C2 = 1 and D2 = 0, so the latter provides a plane curve fibration on S. We would like to stress
that this possibility was not considered in [17].
3. VΣ ⊂ P4 is a cone
This section is devoted to the case in which VΣ ⊂ P4 is a cone. Note that for general b, b′ ∈ B the intersection
Cb ∩ C ′b ⊂ P4 is contained in the vertex of VΣ ⊂ P4. Therefore q : B → S is a birational morphism. Equivalently,
we are considering families B1. Let us study the curve Σ ⊂ G(2, 4).
Lemma 3.1. If VΣ ⊂ P4 is a cone, then Σ ⊂ G(2, 4) is a rational curve.
Proof. Consider UΣ = {(P,P2b) | P ∈ P2b} ⊂ P4 × Σ the P2-bundle over Σ whose projection into P4 is VΣ . Denote
by
r : UΣ → VΣ ⊂ P4
the projection morphism into the first factor. Let S˜ ⊂ UΣ be the strict transform of S by r . Since VΣ ⊂ P4 is a
cone, the restriction r S˜ : S˜ → S is a birational morphism.
If the vertex of VΣ ⊂ P4 is a point Q, then Q ∈ Cb for every b ∈ B. On the one hand, γQ := r−1(Q) ⊂ UΣ is
isomorphic to Σ . On the other hand, the irreducible curve
γQ = r−1(Q) = r−1S˜ (Q) ⊂ S˜
is contracted to Q by r S˜ : S˜ → S, so γQ is a (−1)-curve (see [3], Th. II.11). We conclude that Σ is a rational curve.
If the vertex of VΣ ⊂ P4 is a line L we have to consider two cases.
If L 6⊂ S, there exists a point Q ∈ L ∩ S such that Q ∈ Cb for every b ∈ B. By the former analysis Σ is a rational
curve.
If L ⊂ S, let γL := r−1S˜ (L) ⊂ S˜. There exists an irreducible component ηL ⊂ γL meeting all the P2’s of UΣ .
Since r S˜ : S˜ → S is a birational morphism, its restriction rηL : ηL → L is an isomorphism. So ηL is a rational curve
dominating Σ . We conclude again that Σ is a rational curve. 
As a consequence of Lemma 3.1, we can give a precise description of S ⊂ P4 when VΣ ⊂ P4 is a cone.
Theorem 3.2. Let S ⊂ P4 be a smooth surface containing a 1-dimensional family {Cb}b∈B of plane curves not
forming a fibration. If VΣ ⊂ P4 is a cone, then one of the following holds:
(i) S ⊂ P4 is the projected Veronese surface of Example 2.1 with d = 1;
(ii) VΣ ⊂ P4 is a quadric cone of rank 3 or 4 and S ⊂ P4 is linked to a plane by the complete intersection of
VΣ ⊂ P4 and a hypersurface of P4.
Furthermore, C2 = 1 in any case.
Proof. VΣ ⊂ P4 is a rational scroll of planes by Lemma 3.1. If VΣ ⊂ P4 is the projection of a rational normal scroll
in PN , N > 4, then S ⊂ P4 is not linearly normal. Therefore S ⊂ P4 is the Veronese surface by Severi’s Theorem.
Moreover VΣ ⊂ P4 is a projection of S(0, 1, 2) ⊂ P5 and the family of plane curves is described in Example 2.1 with
d = 1.
Otherwise VΣ = S(a0, a1, a2) ⊂ P4 is a rational normal scroll of planes. Hence a0 + a1 + a2 = 2, and either
VΣ = S(0, 1, 1) ⊂ P4 is a quadric cone of rank 4 or VΣ = S(0, 0, 2) ⊂ P4 is a quadric cone of rank 3.
From [2], Prop. 1.3.1, (see [11], Th. 2.1 for a further result) there are two possibilities:
(a) S ⊂ P4 is the complete intersection of the quadric cone VΣ ⊂ P4 and another hypersurface of P4.
(b) S ⊂ P4 is linked to a plane by the complete intersection of the quadric cone VΣ ⊂ P4 and another hypersurface
of P4.
We exclude the first one. Suppose (a) holds. Then the embedded tangent space TP S ⊂ P4 to S ⊂ P4 at any point
P ∈ S is the intersection of the embedded tangent spaces at P to both hypersurfaces of P4 defining S. The embedded
tangent space to VΣ ⊂ P4 at any point of its vertex is the whole P4. Since {Cb}b∈B does not form a fibration, the
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intersection of S ⊂ P4 and the vertex of VΣ ⊂ P4 is nonempty. Therefore S is singular along the points contained in
the vertex of VΣ , a contradiction.
Finally, if S ⊂ P4 is either the Veronese surface or S ⊂ P4 is contained in a quadric cone of rank 4, it follows that
C2 = 1. In the rank 3 case, we showed in Example 2.6 that also C2 = 1. 
4. VΣ ⊂ P4 is not a cone
We start this section with two easy lemmas.
Lemma 4.1. For general b, b′ ∈ B, we have
dim(P2b ∩ P2b′) = 0.
Proof. Fix two general b, b′ ∈ B. By contradiction, denote P1bb′ := P2b ∩ P2b′ ⊂ P4 and P3bb′ := 〈P2b,P2b′〉 ⊂ P4. Then,
for a general b′′ ∈ B, either P1bb′ ⊂ P2b′′ or P2b′′ ⊂ P3bb′ . In the first case VΣ ⊂ P4 is a cone with vertex the line P1bb′ ,
contradicting the hypothesis of the section. In the second case S ⊂ P3bb′ ⊂ P4 is a degenerate surface, giving again a
contradiction. 
Lemma 4.2. For general b, b′ ∈ B, denote Pbb′ := P2b ∩ P2b′ . Then Pbb′ ∈ S and C2 = 1.
Proof. Since Cb ∩ Cb′ 6= ∅ and Cb ∩ Cb′ ⊂ P2b ∩ P2b′ = Pbb′ , then Pbb′ ∈ S. Moreover P2b ∩ P2b′ = Pbb′ , so Cb and
Cb′ intersect transversally along Pbb′ . Hence C2 = 1. 
The following result is a byproduct of Theorem 3.2 and Lemma 4.2.
Theorem 4.3. Let S ⊂ P4 be a smooth surface containing a 1-dimensional family {Cb}b∈B of plane curves not
forming a fibration. Then C2 = 1.
The two extra hypotheses
As we said in the Introduction, we need two extra hypotheses in order to obtain Theorem 4.10 below. Let us state
precisely what we are going to assume hereafter:
(*) We suppose that q : B → S is a generically finite morphism of degree d = 2, that is, through the general point
of S ⊂ P4 there pass two elements of the family {Cb}b∈B of plane curves.
(**) The general plane of Σ ⊂ G(2, 4) is not intersected by another plane of Σ along a line (nor the infinitely close
one).
Let Σ (2) denote the second symmetric product of Σ . By Lemma 4.2 we can define the rational map
α : Σ (2) 99K S
(P2b,P
2
b′) 7→ Pbb′
which associates to each pair (P2b,P
2
b′) of general planes of Σ ⊂ G(2, 4) the intersection point Pbb′ = P2b ∩ P2b′ ∈ S.
Since VΣ ⊂ P4 is not a cone, α is a dominant map.
Lemma 4.4. The map α : Σ (2) 99K S is a birational map and Σ ⊂ G(2, 4) is a smooth curve.
Proof. Since we assume (*), then α is a birational map. Now suppose that λ ∈ Σ is a singular point. Let Σ˜ → Σ be
the normalization of Σ . Then Σ˜ (2) is a smooth surface, Σ˜ (2) → Σ (2) is a birational morphism and Σ (2) is singular
along the divisor σλ = {(λ, pi) | pi ∈ Σ } ⊂ Σ (2). Since α is a birational map, the indeterminacy locus of α is finite
and we can take a point (λ′, pi ′) ∈ σλ in which α is actually defined. We claim that P ′ := α(λ′, pi ′) ∈ S is a singular
point of S. In fact, the fibre of P ′ in Σ˜ (2) is the finite set of points {(λ′1, pi ′), . . . , (λ′n, pi ′)}, where {λ′1, . . . , λ′n} ∈ Σ˜
denotes the set of points over λ′ ∈ Σ . Therefore S must be singular at P ′ by Zariski’s Main Theorem, contradicting
the smoothness of S. 
J. Carlos Sierra, A.L. Tironi / Journal of Pure and Applied Algebra 209 (2007) 361–369 367
Remark 4.5. If we do not assume (*), then Σ ⊂ G(2, 4) can be a singular curve. For instance, consider a singular
curve Bd ⊂ Pˇ2 of degree d > 2 in Examples 2.1 and 2.3.
Lemma 4.6. For a line L ⊂ P4, let ΩL = {pi ∈ G(2, 4) | L ∩ Π 6= ∅} ⊂ G(2, 4) denote the Schubert variety of
planes meeting L. Then WL = {pi ∈ G(2, 4) | L ⊂ Π } is the singular locus of ΩL . Furthermore multpiΩL = 2 for
every pi ∈ WL .
Proof. The first statement is well known. For the second see [19], Th. 1. We also include a direct proof. Suppose
L ⊂ P4 of equations {X2 = X3 = X4 = 0} and pi ∈ WL . Let U ⊂ G(2, 4) be the open affine subset given by the
planes generated by the rows of the matrix1 0 0 a3 a40 1 0 b3 b4
0 0 1 c3 c4
 .
A plane pi ∈ U ∩ ΩL is characterized by
rank
(
a3 a4
b3 b4
)
≤ 1,
and pi ∈ U ∩WL if and only if
a3 = a4 = b3 = b4 = 0.
Therefore multpiΩL = 2 for every pi ∈ WL , since this number corresponds to the multiplicity of the zero matrix in the
determinantal variety of matrices 2× 2. 
Proposition 4.7. For a general b ∈ B, the plane curve Cb ⊂ P2b is isomorphic to Σ ⊂ G(2, 4). Moreover
degCb = δ − 2.
Proof. Fix a general b ∈ B. Consider the morphism
f : Σ → Cb
P2b′ 7→ Pbb′
defined by f (P2b′) = Pbb′ = P2b∩P2b′ ∈ Cb. From assumption (*), we have that f : Σ → Cb is a birational morphism.
Let us see that Cb ⊂ P2b is a smooth curve. By contradiction, suppose that Cb ⊂ P2b is singular at a point Pbb0 ∈ Cb.
Then P2b is contained in the embedded tangent space TPbb0 S ⊂ P4 to S at Pbb0 . Set f −1(Pbb0) = P2b0 ∈ Σ . Note
that dimTPbb0 S ∩ P2b0 > 0. Since b ∈ B is a general point, it follows from assumption (**) that P2b0 ∩ P2b = Pbb0 .
Therefore dimTPbb0 S > 2, contradicting the smoothness of S.
The degree of Σ ⊂ G(2, 4) is given by the number δ of planes meeting a line L ⊂ P4. Let δb denote the degree of
Cb ⊂ P2b. Take L ⊂ P2b.
By condition (**), then P2b ∩ P2b′ = Pbb′ for every b′ 6= b. Therefore
δb = δ − i(Σ ,ΩL ;P2b),
where i(Σ ,ΩL ;P2b) stands for the intersection multiplicity of Σ and ΩL along P2b. To prove i(Σ ,ΩL ;P2b) = 2, we
have to check that the embedded tangent line to Σ ⊂ Pσ at P2b is not contained in the embedded tangent cone to
ΩL ⊂ P9 at P2b (see [7], Cor. 12.4). The embedded tangent cone to ΩL ⊂ P9 at P2b is the Schubert variety
ΩP2b := {pi ∈ G(2, 4) | dim(Π ∩ P
2
b) ≥ 1},
so the embedded tangent line to Σ at P2b is not contained in ΩP2b by the infinitesimal part of assumption (**). 
Remark 4.8. If we do not assume (**) then
δb = δ − i(Σ ,ΩL ;P2b)− #(Σ ),
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where #(Σ ) denotes the number of planes of Σ ⊂ G(2, 4) meeting the general P2b along a line. So (**) holds if and
only if #(Σ ) = 0. In Example 2.1 with d = 2, we have that Σ ⊂ Pσ is a rational normal curve of degree 6, Cb ⊂ P2b
is a conic and #(Σ ) = 2 (cf. Remark 2.2).
Proposition 4.9. Let g denote the genus of Σ . Then either g = 0 and δ ∈ {3, 4}, or g = 1 and δ = 5.
Proof. By Proposition 4.7, we have δb = δ − 2 and Cb ∼= Σ for a general b ∈ B, so
g = g(Cb) = (δ − 3)(δ − 4)2 .
Let Pσ ⊂ P9 be the linear span of Σ in P9 by the Plu¨cker embedding. If σ = 2, then Σ and Cb are isomorphic plane
curves of different degrees, a contradiction. So σ > 2.
If σ = 3, then Σ ⊂ P3 is cut out by quadrics since G(1, 4) ⊂ P9 is cut out by quadrics. Therefore either g = 0
and δ = 3, or g = 1 and δ = 4. The latter contradicts the above genus formula.
So we now assume σ > 3. Then Castelnuovo’s bounds for curves in P4 imply that
g ≤ δ
2 − 5δ + 6
6
.
By comparing g = (δ−3)(δ−4)2 with the above inequality, we get that either g = 0 and δ ∈ {3, 4}, or g = 1 and
δ = 5. 
Theorem 4.10. Let S ⊂ P4 be a smooth surface containing a 1-dimensional family {Cb}b∈B of plane curves not
forming a fibration. If VΣ ⊂ P4 is not a cone and conditions (*) and (**) are satisfied, then one of the following
holds:
(i) S ⊂ P4 is the rational normal scroll of Example 2.3 with d = 2;
(ii) S ⊂ P4 is a quintic elliptic scroll.
Proof. As before, let g (resp. δ) be the genus (resp. degree) of Σ ⊂ G(2, 4). By Proposition 4.9, either g = 0 and
δ ∈ {3, 4}, or g = 1 and δ = 5. We claim that
deg S = (δ − 1)(δ − 2)
2
− g,
so the result follows from the classification of low degree varieties (see, for instance, [9]).
Let us prove the claim. The degree of S ⊂ P4 is obtained by intersecting S ⊂ P4 with a general plane P2 ⊂ P4.
Consider the map
h : Σ → P2
P2b 7→ P2b ∩ P2.
Since we assume (*) and (**), then the degree of S ⊂ P4 is equal to the number (δ−1)(δ−2)2 − g of double points
of h. 
Remark 4.11. The Veronese surface of Example 2.1 with d = 2 does not appear in our classification since condition
(**) does not hold (see Remark 2.2). We are convinced that this is the only example satisfying (*) but not (**).
Unfortunately we cannot prove it, since we strongly use assumption (**) to compare the degree of Σ ⊂ G(2, 4) and
Cb ⊂ P2b in the key Proposition 4.7, as we pointed out in Remark 4.8.
Remark 4.12. As far as assumption (*) is concerned, we also conjecture that the only examples of smooth surfaces
S ⊂ P4 containing a family {Cb}b∈B of plane curves parametrized by a curve Bd with d > 2 are the projected
Veronese surface and the rational normal scroll, described in Examples 2.1 and 2.3.
In view of our results and predictions, we finally restate the following conjecture.
Conjecture 4.13. Let S ⊂ P4 be a smooth surface containing a 1-dimensional family of plane curves not forming a
fibration. If S ⊂ P4 is not contained in a quadric cone of rank 3 or 4 and linked to a plane by a complete intersection,
then S ⊂ P4 is either the projected Veronese surface or a quintic elliptic scroll.
J. Carlos Sierra, A.L. Tironi / Journal of Pure and Applied Algebra 209 (2007) 361–369 369
Acknowledgements
The authors would like to thank Prof. F.L. Zak, who posed this problem at PRAGMATIC 2002 held in Catania. We
also wish to thank the OMATS programme for financing our stay in Oslo and Prof. Kristian Ranestad for reading the
first draft of the manuscript and providing very valuable comments.
References
[1] H. Abo, W. Decker, N. Sasakura, An elliptic conic bundle in P4 arising from a stable rank-3 vector bundle, Math. Z. 229 (4) (1998) 725–741.
[2] A. Aure, On surfaces in projective 4-space, Ph.D. Thesis, Oslo, 1987.
[3] A. Beauville, Complex algebraic surfaces, in: London Mathematical Society Lecture Note Series, vol. 68, Cambridge University Press,
Cambridge, 1983, Translated from the French by R. Barlow, N. I. Shepherd-Barron and M. Reid.
[4] R. Braun, K. Ranestad, Conic bundles in projective fourspace, in: Algebraic Geometry (Catania, 1993/Barcelona, 1994), in: Lecture Notes in
Pure and Appl. Math., vol. 200, Dekker, New York, 1998, pp. 331–339.
[5] G. Castelnuovo, Ricerche di geometria sulle curve algebriche, Atti R. Accad. Sci. Torino 24 (1889) 196–223.
[6] P. Ellia, G. Sacchiero, Smooth surfaces of P4 ruled in conics, in: Algebraic Geometry (Catania, 1993/Barcelona, 1994), in: Lecture Notes in
Pure and Appl. Math., vol. 200, Dekker, New York, 1998, pp. 49–62.
[7] W. Fulton, Intersection theory, Ergeb. Math. Grenzgeb. (3) 2 (1984).
[8] R. Hartshorne, Algebraic geometry, in: Graduate Texts in Mathematics, vol. 52, Springer-Verlag, New York, Heidelberg, 1977.
[9] P. Ionescu, Embedded projective varieties of small invariants, in: Algebraic Geometry, Bucharest 1982 (Bucharest, 1982), in: Lecture Notes
in Math., vol. 1056, Springer, Berlin, 1984, pp. 142–186.
[10] P. Ionescu, M. Toma, On very ample vector bundles on curves, Internat. J. Math. 8 (5) (1997) 633–643.
[11] S. Kwak, Castelnuovo–Mumford regularity bound for smooth threefolds in P5 and extremal examples, J. Reine Angew. Math. 509 (1999)
21–34.
[12] A. Lanteri, On the existence of scrolls in P4, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 69 (1980), 5 (1981) 223–227.
[13] A. Lanteri, C. Turrini, Some formulas concerning nonsingular algebraic varieties embedded in some ambient variety, Atti Accad. Sci. Torino
Cl. Sci. Fis. Mat. Natur. 116 (1982), 3–6 (1984) 463–474.
[14] E. Mezzetti, Projective varieties with many degenerate subvarieties, Boll. Unione. Mat. Ital. B (7) 8 (4) (1994) 807–832.
[15] E. Mezzetti, D. Portelli, Threefolds in P5 with a 3-dimensional family of plane curves, Manuscripta Math. 90 (3) (1996) 365–381.
[16] G. Ottaviani, On 3-folds in P5 which are scrolls, Ann. Sc. Norm. Super. Pisa Cl. Sci. (4) 19 (3) (1992) 451–471.
[17] K. Ranestad, On smooth plane curve fibrations in P4, in: Geometry of Complex Projective Varieties (Cetraro, 1990), in: Sem. Conf., vol. 9,
Mediterranean, Rende, 1993, pp. 243–255.
[18] E. Rogora, Varieties with many lines, Manuscripta Math. 82 (2) (1994) 207–226.
[19] J. Rosenthal, A. Zelevinsky, Multiplicities of points on Schubert varieties in Grassmannians, J. Algebraic Combin. 13 (2) (2001) 213–218.
[20] B. Segre, Sulle Vn contenenti piu` di∞n−k Sk I and II, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 5 (1948) 193–197, 275–280.
[21] C. Segre, Le superfici degli iperspazi con una doppia infinita` di curve piane o spaziali, Atti R. Accad. Sci. Torino 56 (1920–1921) 75–89.
[22] C. Segre, Le superfici degli iperspazi con una doppia infinita` di curve spaziali, Atti R. Accad. Sci. Torino 57 (1921–1922) 307–317.
[23] F. Severi, Intorno ai punti doppi impropri di una superficie generale dello spazio a quattro dimensioni, e a suoi punti tripli apparenti, Rend.
Circ. Mat. Palermo 15 (1901) 33–51.
[24] M. Toma, Three-dimensional scrolls in P6, Arch. Math. 65 (5) (1995) 444–448.
[25] O. Zariski, A simple analytical proof of a fundamental property of birational transformations, Proc. Natl. Acad. Sci. USA 35 (1949) 62–66.
